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ABSTRACT

In this paper by using the residue method, the exact solution of mixed problem
for linear heat equation with nonlocal boundary conditions is obtained. For this
aim, at first, the formula for expansion of an arbitrary function in a series of
residues of the solution of the corresponding spectral problem is proved.
Further, this formula is used to show that if the mixed boundary-value problem
in question has a sufficiently smooth solution, this solution can be represented
by the given residue formula.
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LOKAL OLMAYAN SINIR KOSULUNA
SAHIP ISI DENKLEMININ REZIDU
YONTEMIYLE COZUMU

OZET

Makalede bir boyutlu 1s1 denklemi i¢in yazilmis lokal olmayan smir kosullu
smir-deger probleminin ger¢ek c¢oziimii rezidii metodu ile elde edilmistir. Bu
amacla herhangi bir sinirh fonksiyonun, esas probleme karsilik gelen spektral
problemin ¢oziimiiniin tiim resudileri tizerinden ayrilig formulii ispatlanmistir.
Ayrilig formulii kullanilarak, esas problemin yeteri kadar piiriizsiiz ¢oziimiiniin
varhigr cercevesinde, bu ¢oziimiin o©nerilen rezidii formulii ile ifade
edilebilecegi gosterilmistir.
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1. INTRODUCTION

Many problems of engineering related to particle diffusion in turbulence

plasma and also in heat distribution in a thin rod are reduced to the solution of

the one dimension heat equation with nonlocal boundary conditions [1,2]. In

reference [3] the problem of heat propagation in a thin rod in which one of the
¢

boundary condition is given as J.u(x,t)dx = u(t) is investigated. In the
0

same work it is proved that the integral type condition is equivalent to the

du(tt) (0. _
X ax

condition

It is known that the operator generated by a heat equation with the nonlocal
boundary conditions is not self adjoint. In this case the eigenfunctions of the
corresponding spectral problem is not orthonormal and the question of
expansion of any function in the series over these eigenfunctions is open. The
various problems related with the initial boundary value problems of a heat
equation with nonlocal conditions are studied in [4,5].

Within the limits of this paper, we will consider the following problem

du 9’u
§=a§+f(x,t),, (1)
u(x,0) = @(x), (2)
¢
0,(w)= [qCe.ndx = p(), 3)
0
NOE Wht) i, (4)
ox
ou(x,t) ) .
where glat) = aa— is  the  flux  function  and
X

f(x,0), o(x), u(t), v(t) are known continuously differentiable
functions on [0, /], and a > 0 is given constant.

In order to obtain the classical solution of the problem (1)-(4), we reduce itto a
problem with homogencous boundary conditions corresponding to (3),(4). For
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!
this purpose, we introduce a function w(x,?) = &g)x which satisfies the
a
boundary conditions (3) and (4), if the () = alV(t) condition hold. Let us

introduce the following substitution

u(x,t)y =v(x,t)+w(x,t). (5
In this notation instead of (1)-(4), we have the following problem
v 2%y
—=a—+F(x,1), (6)
ot ox’ (x.)
V(X,O) — g(x)9 (7)
’
ﬁl(v)z Jamdxzo, (8)
3 ox
ovll,t
¢,(v)= Lo _, 9)
ox
The condition (8) can be written as
El(v)zv(ﬁ,t)—v(o,t):o, (10)
L du()

and F(x,t)zf(x,t)—a &

of simplicity, let £ =1,and a=1.

, 8(x)=@(x) —%,U(O). For the sake
a

It is known that the Fourier's method is a familiar means to find the exact
solution of the mixed problem which is self adjoint and separable with respect
to variable x and 7. But, in this situation, it is necessary to expand any

function f(x)€[0,1] to the series over the eigenfunctions of the
corresponding spectral problem, if the cigenfunctions are complete and
orthogonal in [0,1].

If the problem is non-self adjoint, then the problem of expanding any function
to series over these eigenfunctions is open. At first, A.L. Cauchy developed the
residue method for the solution of boundary-value problem for the ordinary
differential equations which are non-self adjoint.

The following development in the matter of residue method was investigated
by M.L. Rasulov, in [7]. The outline of the residue method for solving mixed
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problem is as follows. According to a definite procedure, a correspondence is
made between a given mixed problem and some boundary-value problems
with a complex parameter. With the aid of the solution of this spectral
problem, we define a meromorphic function of a complex parameter whose
complete residue gives a residue representation of formal solution of the given
problem. Then, the formula for the expansion of an arbitrary function in series
of residues of the solution of the spectral problem is used to show that, if the
mixed boundary-value problem in question has a sufficiently smooth solution,
it can be represented by the given residue formula.

In this paper, we will solve the problem (6)-(9) using the residue method
developed in [7]. According to this, we will split the problem (6)-(9) into two
auxiliary problems:

(i) The boundary-value problem

v () + Ay(x, A) = h(x), (11)
y(0,4) = y(1,4), y(1,4)=0; (12)
(ii) The Cauchy problem
W+12T(x,t,ﬂ) = F(x.1), (13)
T(x,0,4) = g(x), (14)

here the function A(x) is any function from [0,1].  The problem (11),(12)
is called spectral problem corresponding to the problem (6)-(9).

1.1 SOLUTION OF THE SPECTRAL PROBLEM

The exact solution of the spectral problem (11),(12) can be constructed as,

06 A.h) = [Gx.&, A&, (15)

(see [6,7]). Here G(x,&, A) is called the Green's function of the problem
Alx, &, 1)

(11),(12), and has the following representation G(x,&, A) = A (ﬂ,) ,
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g(x, &) sin Ax cos Ax
_ ll (g(x’ g’ﬂ“)) ll (Sin ﬂ‘x) ll (COSM)

A(X,Qt,ﬂv)— L(g(x,&,A) L(sindx) 1 (cos Ax)

(16)

|4 (sinAx) [ (cosAx)

AA)=|" ,
L, (sin Ax) 1,(cos Ax)

(17)
lsinxi(x—g,‘), 0<&E<x<1

ool Tl = /11 (18)
_Esjnﬂ(x—gt), OSXSQESI,

£,(sin Ax) =sin A, 7 (cosAx) =cosA—1,

£,(sin Ax) = Acos A, 7,(cosAx) =—Asin 4,

0g(x,ED]= g0, ) -g(1,E,4) = —%[sinﬂ(l—g‘)—sinﬂg‘],
e & D] =cos A(1-9),

and sinAx and cosAx are the fundamental functions of the problem
(11),(12).

It is obvious that the eigenvalues of the problem (11),(12) are ﬂ‘v =2V,
v=0,%x1,£2,..) and corresponding eigenfunclions are
v, (x) =cos2zvx. It is known that the set of functions COS 27ZVx is not

complete and the problem to expand any function to series over these
eigenfunctions is open.

In order to find the solution of the problem (11),(12) it is necessary to
complement the set of the function cos27Vx by adjoined functions, but it
should be noted that this task is not easy.

Using the theorem of expansion of the any function on the series of residues of

the solution of the spectral problem (11),(12), we claim that, if f(x) is

continuously differentiable in [0,1], then for any x€ (0,1) the following
expansion formula
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-1 ¢
f)= M_J_—@yy(’“ A, f)dA= —gRes A szlG(x, S Af(6HdE (19)

is valid, where ¢, is a closed contour enclosing only one pole of the function

A(A), (see [7]). Here, Res ;*VF (A) denotes the integral residue of F(A)

with respect to pole A, , and the sum extend on all poles of F'(A4).

In order to find the explicit representation for the function f(x), we will
calculate the residue in (19) using the formula given in [8].

Let g and & be analytic at 7z, and let g(z,) %0, h(z,) =0, h'(z,) =0,

and h”(z,) # 0, then 8(2)
h(z

Res(ﬁ,zoj _ g/’/(zo) 2 g(zo)h”’(fo)
h W(z) 3 [1"(z))]

has a second order pole at z,, and the residue is

ﬂ,e_lzt A(x,E,4)
A(A)
case, A(4,)=0, A'(A4)=0, A"(4,)=2av#0, and A”(4,)=3,

and taking this above formula into account, we have

f(x)= 82{(1 —x)sin 4, x Jf(/f) sin A, &d& +cos A, x J{j‘(?) cos ﬂvédé} + 23.5(5)515.

Now, we will calculate the residue of the function . In this

In order to construct the solution of the mixed problem (6)-(9), besides of the
spectral problem (11),(12), we must use the solution of the problem (13),(14),
which is
o T R
Tt ) = g(e ™! + J-e_l F(x,7)dr. (20)
0

According to [7], we introduce the following operator, defined for any
differentiable function f(x) over [0,1] as

J -1 j+
A f=f9x) = M—J—_lyz y(x, A, [)dA. 21)

It is obvious that the formula (19) in notation (21) can be written as
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210 = ). 22)

When we apply the operator (21) to the equation (6), we get

271 ot 274-1
J./W Ty(x, A, F(x,0)dA.

2
L cj,w“ y[x, zﬂjd,i . cj,w“ y[x,/i,%jdﬂ ;
-1 (23)
ZzJ—_l
Since the operator defined by (21) is linear with respect to the third argument,
we have

av(j)

a—vt =v*+F/,(j=0,1,2,..) (24)
The initial condition for the equation (24) is
B0y = gL2 (%) (25)
It is not difficult to prove that the set functions

59 (x,1) = AHy(x, AT (x,1,A))dA, (26)

| J.
27-1 by
are solutions of the problem (24),(25). Here T'(x,f,A) is the solution of the
problem (13),(14). Indeed,

oy -1 , [ aTj ~1 .
Y = |y x A —|dA= 9, A-AT(x, A,0) dA+,
R C:[ y 3 T J y(x (x ))

-1 j/lzmy(x,/l,F(x,t))d/l — ~V(j+1) + Fv(j)

27rJ—_1

And

) (x,0) = By, A, g (YA = g, (x).

-1 J.
27 -1 g
By virtue of uniqueness of the solution of the problem (6),(9) we have

vﬁj)(x,t):\“/'v(j)(x,t). Since the solution Vv(x,f) is continuously

differentiable on [0,1], according to formula (22), we have

27r\/—_1 v

Now, we must calculate the coefficients of the series (27). As it is mentioned

v(x,0) = SO ()= - Zjﬂd/jc;(x,f,z)z’(t,z,f)d; 7)
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above that, the numbers 27V (Vv ==x1,%£2,...) are poles of the Green's
function, besides this numbers are the poles of second order of the function

G(x, &, A), thatis A(4,)=0, A/(ﬂv) =0 and A//(ﬂv) # 0. Moreover,
A, =0 is the pole of third order of the Green's function.

22t A(X, 95’ ﬂ“)
AA)

Calculating the residue of the function Ae , for the solution

v(x,t), we have the following representation

o0 b4
v(x.1) =327y e @™ cos2avx) [sinavE) g (£)dé

v=l

o0 £
— 826_(2””)2t {(1 — x)sin(27vx) jsin(zzw;) g(g‘)dg‘}

oo 7
—gYeemt {cos(27wx) j§ cos(2zvE) g(g‘)dg‘}

00 (7 t
+327 y cos(2m) [ sin(zmxf){ fu—n)e o™ D e, z’)dz’}df
v=1 0 0

o« I L
gy [Pt {(1 —0)sinm) | sin(27z'l/§)d§} F&n)dr
0

v=l

w8 It 5 ¢
-8 [e (D) {cos(zm) 15 cos(27rv§)d§} FE DT

v=lg

4 f{fg(r) - free r)dr}df. 28)

The obtained solution in fact provides us to prove the theorem of uniqueness
and existence. On the other hand, using this solution, we can estimate the
numerical solutions of the investigated problem. Furthermore, the formula (28)
composes the basis of approximate solution of the problem (1)-(3) too.
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2. APPLICATION RESIDUE METHOD TO THE
DRICHLET'S PROBLEM FOR A HEAT EQUATION

In this section we will investigate the first initial boundary problem for the heat
equation in [0,1] as

1) = (0)( )= a_u = ﬂ (29)
v(x, —Z‘vv x,t)= % o

u(x,0) = plx), (30)
0, (u)=u(0,1)=0, ¢, (u)=ull,r)=0. (31)

In order to find the solution of the problem (29)-(31) at first we will use the
Fourier's method, then we will apply the residue method to the same problem.

It is known that [9] the solution of the problem (29)-(31) obtained by Fourier's
method in the following form

u(x,t)= Z%e_(’”’)zt sin 7Tvx, (32)

v=l

where the Fourier's coefficients ¢, are

2 £
0, == [p&sinmvids. (33)

Now, we will find the solution of the problem (29)-(31) using the residue
method. In accordance with the general schema of the residue method, the
following spectral problem

V' + Xy =hx), (34)

y@)=0, y(1)=0 (35)
is introduced. The solution of the problem (34),(35) is in the form as (8). In
this case, the Green's function G,(x,£,A) is in the form

G (x,&, )= M, where

A,(4)
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g(x,&, ) sin Ax cos Ax
_ ll (g(x’ QE’]’)) ll (Sin ﬂ‘x) ll (COSX‘X)

Al(x, 5,1)_ L(g(x,$,A) L(sinAx) [, (COS/bC),

(36)

_ |4 (sin Ax)  [(cos Ax)

A =" :
L, (sin Ax) 1,(cos Ax)

(37)

lsinxi(x—(f), 0<&E<x<1
g(x.8, )= ’11 (38)
—Zsinxi(x—(f), 0<x<£&<I,

and

£,(sindx) =0, /,(cosAx)=1,
£,(sin Ax) =sin 4, /,(cos Ax) =cos A,

e &)= Smf ,
A
@[g(x,g‘,ﬂ)]:%l@,

and /(x) is an arbitrary function from 1,[0,1].

2.1 FORMULA OF EXPANSION

It is obvious that the function (8) is the solution of the problem (34),(35) for
any points except the roots of the A, (ﬂ) =0, which are the eigenvalues of the

spectral problem (34),(35). The roots of this equation are ﬂfv =7V,
v=0=x1,£2....).

Let ¢, (k=1,2) be the bounded operators, which define the boundary
conditions (35). The function

2
y(x,A) = Zciyi (x,4)
satisfies the following conditions
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L, (y(x,4) =0, (k=1.2). (39)

Here V,(x,A) are the set of fundamental solutions of the equation (34), that
is

y, =sinAx, v, =cosAx.

Since the equation (39) is the linear algebraic systems of equations with
respect to ¢, and ¢, , then the condition

0 1

sind cosA
is necessary and sufficient for the unique solution of (39).

A(4)= =0, (40)

It is obvious that the function A,;(A) has countable real roots 4, of which
A, — oo as ¥V —>oo.

It is easy to show that the set of the functions Yy, =Ssinzvx,
(v=0,1,2,...) are complete. In this situation, an arbitrary function

h(x)e L,[0,1] can be expanded to the Fourier's series as,

B = (v, (41)
and the sum of this series approvazclhes to h(x) in the sense of L,, here
(h,y,) = th(e‘)yv (&)ds. (42)
Let us introduce the notation 0
S(A(h(x)) = ZJ.G(x, & Mh(E)dS. (43)
5

Since

Sy, =4y, =Ly, +(A4, -0y,

we can show that

SO f@3,)=(3(Dy,) =4 =07 (f.3,). (44)

It is obvious that the Fourier's series of the function defined by (43) is
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D SDF3,)3, =D (A =07 (f )9, (45)
v=0 v=0
Using the residue formula, we have
=L jS(ﬂ)fdﬂ = i(f s B ) Vi (46)
27['\/—_1 o v=0

Here ¢, is a closed contour enclosing only one pole of A(A).

Then, the solution of the problem (29)-(31) is

YA LE D)

d
AL p(&)dé

’ _
u(x,t) = Z J‘/ly(xy /19 T(X, /17 t)d/l = Z J-/lve
Vo, Voo

V4
=23 ™™ sinvx [p(&)sin avEE.

As a conclusion, we have shown that the both solutions of the problem (1)-(3)
obtained by the Fourier's and residue methods coincide.

3. CONCLUSION

The residue method for solving a non-self adjoint problem in heat propagation
¢

with  the  boundary  condition J.q (x,0)dé = u(t),  where
0

ou(x,r) . L .
q(x,t)= a—a ,and u(x,t) is unknown and () is a given function
X

has been investigated. The representation for the solution of this problem in the
form of rapidly decreasing series which is efficient from a practical and
computational point of views has been obtained. Further, the residue method
has been applied to obtain the solution of first kind initial boundary value
problem of the heat equation.
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