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ABSTRACT 

In this paper, as special ruled surfaces, b-scrolls with time-like directrix are 

introduced in 3-dimensional Minkowski space E-j3, [1] and [3]. The generating 

vector of b-scroll is space-like V 3 binormal vector of time-like directrix curve. 
The Normal vector, the matrix corresponding to the shape operator, the 
Gaussian and mean curvatures, I. and II. Fundamental forms, asymptotic lines 
and curvature lines of b-scrolls together with striction space are studied. 

Key words :B-scroll, time-like, ruled surfaces, shape operator. 

ÖZET 

E 3 3 — boyutlu Mikowski uzayında î ] ( I ) time-like dayanak eğrisi boyunca, 

bu eğrinin space-like V 3 binormal vektörü tarafından üretilen bir regle yüzey 
olarak b-scroll tanımlandı [1] ve [3]. Bu yüzeyin S şekil operatörüne karşılık 
gelen matris, Gauss eğriliği, ortalama eğriliği hesaplandı. I. ve II. temel 
formlar, asimptotik çizgileri and eğrilik çizgilerini veren denklemler ifade 
edildi. 
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1. INTRODUCTION 

Let n ( I ) be a time-like curve with arc length t in 3-dimensional 

Minkowski space Ej3 .If f](t) = V1 is a time-like vector then T](I) is a time-

like curve. That is (V1,V1^ = —1 , [7]. The Frenet vectors of T](I) are 

Vl,V2,V3, where V2 normal vector is space-like and binormal vector is space-

like V . Then 

hold. 

(V2,V2) = ( V 3 V 3 H 

V1V3) = (V2,V^ = (V1,V^ = 0 

I 

In 3-dimensional Minkowski space Ej5, natural lorentz metric is 

(••.,..) = (-,+,+) 
so the cross product of 

a = ( o j , a 2 , a 3 ) and b = (bx ,b2 ,b3) is 

a A b = (a2b3 - a3b2, ajb3 - a3bj, a2bj - axb2 ), 
or this product is given by 

a A b 

or in opposite direction 

a A b = det 

can be used, [9]. 

Since V1 is time-like vector, V 2 and V 3 are space-like vectors in 3-
dimensional Minkowski space Ejj, Frenet Formulas, ( [2], [4] and [5] ), can 
be given by the following equations , 

- V1 V2 V3 
det a1 a2 a 3 

_ b b2 b 3 

"" V1 V2 V3 ' 

a1 a2 a3 

_ bx b2 b3 _ 

(1) 

Vi 

V2 

V 

kV 

k1V1 + k2V3 

k 2 V 2 
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(2) 

3 

V 0 ki 0 Vi 

V = ki 0 k 2 V2 

V 0 — k
2 0 V3 is the matrix form of which is L 

2. THE B-SCROLLS WITH TIME-LIKE DIRECTRIX IN 3-

DIMENSIONAL MINKOWSKI SPACE E 

Let ) be a time-like curve with arc length t, and let V1, V2, V3 be the 
Frenet vectors. The parametrization of b-scroll whose directrix is the time-like 

curve n ( I ) and generating vector is the space-like binormal vector V3 ' is 

p(t, u) = n(t) + uV3(t) (3) 

in 3-dimensional Minkowski space E 3 . Let M be the surface whose ordered 

basis vectors pt and pu at the point Tj(t) are given by 

Pt = V - uk2V2 

Pu V 
Denote the asymptotic bundel by A(t) = Sp{V2, V3} is and the tangentian 

bundel by T (t ) = S p f a . V ^ } . Because of 

dim A(t) * dimT(t), 
there is not an edge space but there is a striction (curve) space, [8]. Let p(t) is 

any curve with equation 

p(t) = n(t)+u(t)V3( t ) (4) 
on surface M. Differantiating p(t) with respect to t 

p(t) = uv3+uV3 

= V + uV3 - uk2V2 

is obtained. The solution vectors u of the equation 

i^p( t ) ,d-[u ( t )V 3 ( t= (Vi + UV3 -uk2V2,UV3 -uk 2 V 2 ) = 0 

^ e the position vectors of striction (curve) space[10].This equation implies 

u2 = 0 and u2k2
2 = 0 . If u = 0, then u is constant. Hence, if u = 0 ,then 

striction curve is T](I ) itself. If k2 = 0, then striction curve does not have a 
torsion. That is, striction curve is a plane curve. 
The parametrization of surface M is 

(5) 
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P(t, u) = Jj(t ) + uV3(t) 
Since 

then 

— V - uk2V2 , — 
Pt =- ~T and Pu 

(u 2 k 2
 -1) : \\Pu 

Pu = V3 

( Pu) = °-

That is pt, pu are ortonormal tangent vectors and %(M) = Sp{pt, pu} The 

(6) 
Normal vector of the surface M is 

N Pt *Pu 

N = det 

- Vi 
1 

Pt *Pu 

V 
uk 2 

1 1 

(-1 + u2k2
2)2 ( -1 + u2k2

2)2 

0 0 

V3 

0 

1 

Pt *Pu 1. 

Therefore we obtain 

N = u k 2 V 1 - V 2 

( - 1 + u 2k2 )2 
(7) 

Using this Normal vector we can find the matrix S corresponding to the shape 
operator. We know that 

S (Pt )= ^rPt + X2PU ^ S (Pt ),Pt 

^ Ä2={S (Pt ) ,P 

S (P„ )= ^1Pt + ^ 2 Pu ^ A = ( S (Pu ),Pt 

^ ^2 = (. S (Pu ), Pu 
Using the following formula 

S (Pt) 
1 3N (8) 

P\\ DT (U2k22 - 1 ) 2 d t ' 

under the condition u k2 - 1 > 0 , we have 
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_ (ki — uk2 — u2kik2
2V + (u2k2k2 — ukik2 + u3klk-l)V2 +(k2 — u2kl V 

S (Pt ) = 

The values of \ and A2 are found as 

(u 2k2 —I)2 

A _ ( 5 ( p ) , p ) _ 5(p), .— V — uk2V2 \ _ k i uk&2 u kik 

and 

Ä2 = 

(u 2k2
2 — i)2 / (u 2k^ — i) 

\ \ ko 
P _ 2 , 2 ! u k^ — i 

respectively. Using the formula 
— DN 

S (Pu ) = S (Pu ) = — 
du 

we compute 

dN _ — k2Vju2k2 — i + (uk2 V — V2 u2k2
2 +1) 

du u k2 — i 

(9) 

(i0) 

( i i ) 

Thus, for 

the value of ß is 

—\ _ — k2Vi + uk2
2V2 5 (pB)_ 

(u X— if2 

ßi _ (5 (P„ ) ,p) 

ß _ (5 (Pu )Pu) 

— J 
ß _ 

i ( u 2 k 2 2 — i ) 
_ A 

and the value of j 2 is 

j2 = 0-
As a result, the matrix corresponding to the shape operator S is 

5_ 
A A " A 

ß _ A 0 

(i2) 

(i3) 

(i4) 

2 

2i0 
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S = 

k1 — uk2 — u2 

(u
 ^ k 2

 — l) 
J 

2 , 2 i u k2 —1 

— j 

u2 kl — 1 

(15) 

3. GAUSSIAN CURVATURE: 
Gaussian curvature of b-scroll whose directrix is time-like curve and 

generating vector is space-like binormal vector, is denoted by K ,whic is non 

negative [6], in 3-dimensional Minkowski space E 1 

K = £1 det S = det S ( 1 6 ) 

k o 
( u 2 k 2 - 1)2 

where 
e1 = { N, ^ = - 1 

and N is the time-like Normal of bscroll. 

4. MEAN CURVATURE 
Mean curvature of b-scroll whose directrix is time-like curve and generating 
vector is space-like binormal vector is denoted by H in 3-dimensional 
Minkowski space E 3 

H = trS (17) 

4 
ki uk&2 u k^2 

(u 2k2 — 1) 

5. I. FUNDAMENTAL FORM: 
I.Fundamental form of b-scroll whose directrix is time-like curve and 
generating vector is space-like binormal vector, is defined by 

I _ (dp, d^jand dp _ ptdt + pu du, 
hence , 

I _ (pt,pt)dtdt + 2(p t ,pu)dtdu + pu,pu)dudu 
which results in 

I _ (u 2k2
2 — i)dtdt + dudu 

,thus we can write this quadratic form as the matrix form 

(18) 

2 

2 0 
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u 2kn — i 0 (i9) 
I 

0 i 

det I = u 2k2
2 -1 . 

6. II. FUNDAMENTAL FORM: 
II.Fundamental form of b-scroll whose directrix is time-like curve and 
generating vector is space-like binormal vector is 

II = {S(dP), dP with dP = Ptdt + Pudu 
from which 

II = (S (Pt )dt + S (PU )du,Ptdt + Pudu) 

= (S (Pt), Pt)dtdt + (S (Pt), Pu)dtdu 

+ (S (Pu ), Pt)dudt + (S (Pu ),Pu)dudu 
is computed and hence 

II = Al (u 2k2
2 -1)2 dtdt + 2l1 (u 2k2

2 -1)2 dtdu + 0dudu 
resulting in 

- 2k, II _ k—i^c^—u kik2 dtdt + "V2
 1 dtdu. 

(u 2k2
2 -1)2 (u 2k2

2 - 1 ) 
We can write this quadratic form as a matrix 

II 

ki uk&2 u kik-2 2 
2 

— i 

(u 2k2 — i)2 (u 2k2 — i) 
k — j 

(u 2k2 — i)2 

0 

and 

(20) 

(2i) 

det II _ 
— j 

u 2k2
2 — i 

2 

2 
2 

7. ASYMPTOTIC LINES: 

In 3-dimensional Minkowski space Ej3 , asymtotic lines of b-scroll whose 
directrix is time-like curve and generating vector is space-like binormal vector, 
are curves with the following equation 
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II = (S (dp), dp = 0 (22) 

TT ki fyfc^ U ki k2 , , II = -i 2 -Ia dtdt + - 2L 

(u2k2
2 - l ) (u 2k2

2 - 1 ) 
dtdu = 0. 

It can be shown that this equation becomes 
f . 2 2 

k 1 — u k & 2 - u k 1 k 2 — 2 k 2 

\ 

(u 2k2
2 —1)2 (u 2k2

2 — l) 
du 

(23) 

dt = 0 

after some computations. Therefore, we investigate the following two cases: 
i) If dt = 0, then asymtotic lines are the mainlines with equation t = c1. 
ii) otherwise the asymtotic lines have the following equation 

kl uk&2 u kik dt + - 2k 

(u 2k2 —1)2 (u 2k2 —l) 
du = 0. 

(24) 

8. CURVATURE LINES: 

In 3-dimensional Minkowski space E13, if T is a tanget vector of any curve in 

surface M we know that T e %(M) = Sp{pt, pu } and differantial equation 

of Curvature lines is ST = ÄT . First, we find tanget vector T .From which 

dp = ptdt + pudu 

T 

(V1 — uk2V2 )dt + V3du 

dt + V du 
V 1 — u k 2 V 2 

(25) 

is computed and hence 

T 

( u l k \ — 1 ) 

dt 

( u 2 k 2 2 — l ) 

r P + dupu 

The matrix form of tanget vector T is 

T = 
dt 

(u 2k 2
2—iß 

du 

Replacing this value on the equation S T = ^ T ,we get 

2 
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(26) 
A A 2 

A 0 

It can be shown that this equation becomes 

A — A 

" dt ~ Adt 

(u X2 — l)2 

du 
= (u X2 — l)2 

Adu 

(u2 k2
2 — l) 
A 

- dt + A2 du = 0 

(u X —l) 
dt — Adu = 0 

(27) 

after some computations.Therefore we investigate the following equations 
dt 2 dt 

A(A — A) ^ + A 
(u 2k2 — l)2 (u 2k2 — l) 

[A(A—A) + A2} dt 

= 0 

( u 2k2—1) 

where there is two results 
i) If dt = 0, curvature lines are the mainlines with equation ^ t = Cl 

ii) Otherwise, the quadratic equation — A2 + AlA + A = 0 , since 

A a = Aj2 + 4A2 is always positive, we have two distinct roots 

A —A+V A2+4A2 
2A 

(28) 

If we replace A and A2 in the equation,then the other curvature lines have 
been obtained. 
Example1: In 3-dimensional Minkowski space E^ 

,cos t,sin t) 
is a time-like curve.The parametrization of b-scroll with directrix T](t) and 

generating V3(t) is 

<p(t, u) = 7j(t) + uV3(t) 

p(t, u) = (V2t — u,cos t + uV2sin t,sin t — uV2cos t) 
Here V3(t) is space-like binormal vector of the time-like curve tf(t). 

2 

0 
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Example 2: In 3-dimensional Minkowski space E3 

t3 t2 t3 

n(t) = (t + — , — , — ) 
6 2 6 

is a time-like curve.The parametrization of b-scroll with directrix T](t) and 

generating V3(t) is 

<p(t, u) = 7](t) + uV3(t) 
3 2 2 3 2 , , , t t t t t \ 

(p(t,u) = (t + + u —,—+ ut, + u -u—) 
6 2 2 6 2 

Here V3 (t) is space-like binormal vector of the time-like curve. 
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