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ABSTRACT

In this paper, as special ruled surfaces, b-scrolls with time-like directrix are
introduced in 3-dimensional Minkowski space FE/ 3, [1] and [3]. The generating

vector of b-scroll is space-like V 3 binormal vector of time-like directrix curve.
The Normal vector, the matrix corresponding to the shape operator, the
Gaussian and mean curvatures, I. and II. Fundamental forms, asymptotic lines
and curvature lines of b-scrolls together with striction space are studied.

Key words :B-scroll, time-like, ruled surfaces, shape operator.

OZET

Ef 3 —boyutlu Mikowski uzaymnda 7(I) time-like dayanak egrisi boyunca,

bu egrinin space-like V3 binormal vektorii tarafindan iiretilen bir regle yiizey
olarak b-scroll tanimlandi [1] ve [3]. Bu yiizeyin S sekil operatoriine karsilik
eelen matris, Gauss egriligi, ortalama egriligi hesaplandi. 1. ve II. temel
formlar, asimptotik ¢izgileri and egrilik cizgilerini veren denklemler ifade
edildi.
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1. INTRODUCTION

Let 77(I) be a time-like curve with arc length ! in 3-dimensional
Minkowski space Ef If 77(¢) =V, is a time-like vector then 77([) is a time-
like curve. That is <Vl,Vl> = —1, [7]. The Frenet vectors of 77(I) are

V., V,,V,, where V, normal vector is space-like and binormal vector is space-

like V. Then

hold.

In 3-dimensional Minkowski space Ef natural lorentz metric is

(o= (=44)

so the cross product of
d=(a,a,,a,) and b = (b,,b,,b,) is
anb =(a,b, —ab,,ab, —ab,,a,b, —ab,),
or this product is given by

-i 'V, W,
inb=-det a, a, a,
b b, b
or in opposite direction
-V, V, V, (H
anb=det| a, a, a
b b, b

can be used, [9].

Since V1is time-like vector, V2 and V3 are space-like vectors in 3-
dimensional Minkowski space Ef , Frenet Formulas, ( [2], [4] and [5] ), can
be given by the following equations ,

Vl = k1V2
V, = kV,+kV,
V3 = - kzvz
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Vil [0 &k 0V @
V, =k 0 Kk |V, |
V,| 10 =k, 0 |V,

is the matrix form of which is

2. THE B-SCROLLS WITH TIME-LIKE DIRECTRIX IN 3-
3
DIMENSIONAL MINKOWSKI SPACE i

Let 77(I) be a time-like curve with arc length ¢, and let V;,V,,V, be the
Frenet vectors. The parametrization of b-scroll whose directrix is the time-like
curve 7)(I) and generating vector is the space-like binormal vector V > is
@t u) =1()+uVy(t) 3
in 3-dimensional Minkowski space Ef . Let M be the surface whose ordered
basis vectors ¢, and ¢, at the point 7)(¢) are given by
@, = Vi-uk)V,
¢, = Vs
Denote the asymptotic bundel by A(t) = Sp{V2 , V3} is and the tangentian
bundel by 1'(¢) = Sp{Vl,VZ,V3 } Because of
dim A(z) #dimT(¢),

there is not an edge space but there is a striction (curve) space, [8]. Let p(t) is
any curve with equation

p() =n@)+u)V;(1) @
on surface M. Differantiating p(f) with respect to !
plt) = n+aVi+uv,
= V, +uV,—uk)V,
is obtained. The solution vectors u# of the equation

<I'7(t)»%[”(t)v3 (t)]> = <V1 +uV; —uk,V, uVy _”k2V2> =0

are the position vectors of striction (curve) space[10].This equation implies
u® =0 and uzkzz =0.1f # =0, then u is constant. Hence, if # =0 ,then

(5

striction curve is 7)(I) itself. If k, = 0, then striction curve does not have a
torsion. That is, striction curve is a plane curve.
The parametrization of surface M is
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@(t,u) =17(1) +uVs(1)

Since
P, = WizukVy —ukZVQl and @, = ﬂ:(ou =V,
ks -1 ”
then
(¢.0.)=0.

That is a,(l: are ortonormal tangent vectors and ¥ (M) = Sp{a, au} The
Normal vector of the surface M is

N 2O “
GNP,
-V v, v
1 —uk — —
N =det T — 0| :|enrg|=1
(—1+u’k))?  (—1+u’k;)?
0 0 1
Therefore we obtain

1
(— 1+u 2kz2 )2
Using this Normal vector we can find the matrix S corresponding to the shape
operator. We know that

S@)=ho+he, =4=(50).9,)
=4 =(5@).0,)

S(au) = ;u1at+:uzau =M = <S(au)’at>
= =(5(0,).0,)

Using the following formula

S(_ 1 oN 1 oON ®)
¢1) = - = 1 ’
H(”rH ot (uzkzz _1)5 ot

under the condition 1 zkzz —1>0 , we have
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(k, —uk, —u?k K2 W, + {2k f, —uk b, +uk j2 W, + (e, k2 W,

S(@) =
(¢t) (uzkzz_l)z
The values of ﬂ, and /12 are found as
. €)
— = — V. —uk)V. k, —uk, —u’kk;
A =(S@)p)=( Sp), =2 )= A TR T
(uzkz2 —1)2 (uzkz2 —1)2
and
s ek 10y
A= <S((0t),%> g
respectively. Using the formula
— oON (11)
S(@,)=5(p,)=—
ou
we compute
ON =k Viu'ks =1+ (uk,V, —vz)(w/uzkj +1)
ou uk; -1
L 2
(@) = k,V, +uk23V2 '
(uzkz2 —IF
Thus, for
M = <S(¢u )’¢t> (12)
wo= (S@)0,) (13)
the value of 4 is
— —k, —
and the value of 1, is
#, =0.
As aresult, the matrix corresponding to the shape operator S is
Fﬂ ﬂz} {21 ﬂz} (19
S = =
H 4 0

210



Seyda KILICOGLU

k —uk, —u’kk>  —k, (13)
3 21.2
S = (uzkz2 —1)5 uk; 1
e 0
uk; —1

3. GAUSSIAN CURVATURE:

Gaussian curvature of b-scroll whose directrix is time-like curve and
generating vector is space-like binormal vector, is denoted by K ,whic is non

negative [0], in 3-dimensional Minkowski space E13

K = ¢detS=dets (16)
ko
(k1)
where
g=(N,Ny=-1

and N is the time-like Normal of bscroll.

4. MEAN CURVATURE

Mean curvature of b-scroll whose directrix is time-like curve and generating
vector is space-like binormal vector is denoted by H in 3-dimensional

Minkowski space E f
H = trS an
- a- k, —uk, —u’k k>
3
(W -1

5. 1. FUNDAMENTAL FORM:

I.Fundamental form of b-scroll whose directrix is time-like curve and
generating vector is space-like binormal vector, is defined by

I ={dp,dp)and do = ¢,dt + ¢,du, (18)
hence ,

I= <(0t , (0t>dtdt + 2<(0t N3 >dtdu + <(0u N3 >dudu

which results in
I = (k2 —1)deds + dudu

,thus we can write this quadratic form as the matrix form
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7 Wki-1 0 (19)
0 1

detT = k2 1.

6. II. FUNDAMENTAL FORM:

II.Fundamental form of b-scroll whose directrix is time-like curve and
eenerating vector is space-like binormal vector is

I =(S(dg),d9) with do=@,dt+¢,du 20
from which

1 = (S()di+S(@,)du@di+@,du)
= (S(@).,)ddt +(S(9,), @, )drdu
+(S(0,), @, )dudt +(S(@,),@, )dudu

is computed and hence

1 1
Il = A(uk2 — 12 dide + 2.4, (k2 —1)2 didu+ Odudu
resulting in

_ Ky —uky —uk didt + Lkzdtdu
1 .

11 = -
ke -1 ks -1p
We can write this qu_adratic form as a matrix .
k,—uk, —u’kk> -k, )
1 1
- (Lﬂicik—l)5 k; 1P
% 0
-1k |
and
. 1.2
det /] =— IZCZ :
uk;—1
7. ASYMPTOTIC LINES:

In 3-dimensional Minkowski space Ef , asymtotic lines of b-scroll whose

directrix is time-like curve and generating vector is space-like binormal vector,
are curves with the following equation
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1 =(S(dp),dpy=0 (22)
— ; — 2 2 —
i1 = kmike u ]flkz didr +—— 2k —dtdu = 0.
(i 1) iz -1
It can be shown that this equation becomes
) (23)
by —uk, —u ]flkz di+——2k —du |dr =0
wiz-1p -1

after some computations. Therefore, we investigate the following two cases:
i) If dt =0, then asymitotic lines are the mainlines with equation 7 = ¢;.
ii) otherwise the asymtotic lines have the following equation

—uk —uk k2 — (24)
oy —uk, —u ]flkz dr+ 2k, —du = 0.
(uzkz2 —1)5 (uzkz2 —1)5
8. CURVATURE LINES:

In 3-dimensional Minkowski space F, ’ ,if T is a tanget vector of any curve in
surface M we know that 7€ (M) = Sp{o,, o, } and differantial equation
of Curvature lines is ST = AT . First, we find tanget vector T .From which
dp = @dt+¢,du
= (V, —uk,V, )dt +Vdu

- (25)
T= %dr +V,du
(w2 1)
is computed and hence
dt
T = 71¢t +du Q,
(k2 1)

The matrix form of tanget vector T is

dt

7=l ek -1) |
du

Replacing this value on the equation ST = AT ,we get
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P dt Adt (26)
2 1 1

L% 0} (k2 =1p |=| (k2 =1) |
? du Adu

It can be shown that this equation becomes

— 27)
Lﬁldt +A,du=0
Wk -1

(u ’k; — 1)5
after some computations.Therefore we investigate the following equations
dt dt
1(21 - ﬂ') 1 + ﬂ; = 0
wki-1F Wk -1f
it -+ 2] <o
'k} -1

where there is two results
i) If dt =0, curvature lines are the mainlines with equation=>1 = ¢, .

ii) Otherwise,  the quadratic equation — A* + AA+ ﬂé =0, since

A, = X +44; is always positive, we have two distinct roots
= [ 2 (28)
AT Rk
24,

If we replace /1, and /12 in the equation,then the other curvature lines have
been obtained.

Examplel: In 3-dimensional Minkowski space Ef
n) = («/Et,cos t,8int)
is a time-like curve.The parametrization of b-scroll with directrix 7)(¢) and
generating V, (¢) is
@(t,u) n@)+uV,()
Qt,u) = («/Et —U,COSt+u~/2sint,sint —u~/2 cost)

Here V, (1) is space-like binormal vector of the time-like curve 77(f).
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Figure 1: Graph of 1st Example

[11]
Example 2: In 3-dimensional Minkowski space Ef
3 2 3
ot t
6 2 6

is a time-like curve.The parametrization of b-scroll with directrix 7(¢) and

generating V;(f) is

Qt.u) = ) +uVi(t)
t3 2 2 t3 tZ
o(t,u) = (t+g+u3,3+ut,—g+u—u—)

Here V() is space-like binormal vector of the time-like curve.
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Figure2 : Graph of 2nd Example
[11]
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